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Abstract

In this paper, we study the quenching behaviour for a system of two reaction—
diffusion equations arising in the modelling of the spatio-temporal interaction
of prey and predator populations in fragile environment. We first provide some
sufficient conditions on the initial data to have finite time quenching. Then we
classify the initial data to distinguish type I quenching and type II quenching,
by introducing a delicate energy functional along with the help of some a priori
estimates. Finally, we present some results on the quenching set. It can be a
singleton, the whole domain, or a compact subset of the domain.

Mathematics Subject Classification: 35K45, 35K57, 35K55

1. Introduction

We consider in this work the following reaction—diffusion system

Uy — Uy = —V
v? (1.1)
Vp — Uxx = —F—
u
posed forx € (0, co) and¢ € (0, T) and supplemented with homogeneous Neumann boundary
condition and initial condition
{ux(t, 0) = v,(7,0) =0, 1€(0,7)
(u(0,x),v(0, x)) = (uo(x), vo(x)),  x =0,

where u( and vy are two positive and smooth functions on [0, 00).

(1.2)
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System (1.1) is a simplification close to quenching of a more complex reaction—diffusion
system proposed by Gaucel and Langlais [7]. The complete system they proposed reads with
normalized parameters as

u, —dAu =r,u(l —u) —v
v,—Av:rv(l—E).

u

(1.3)

The above system of equations models the spatio-temporal interaction of prey and predator
populations in a fragile environment. More specifically, u (respectively v) denotes the spatial
density of prey (respectively predator). In the absence of predator (namely v = 0), the prey
density follows the usual logistic growth with parameter r, > 0 and a normalized carrying
capacity. On the other hand, the equation for the density of predators follows a logistic
dynamics with a varying carrying capacity proportional to the density of prey. From a modelling
point of view, this specific form allows the density of predator to become high when the food
is unlimited (u — 00). It also increases the competition between predators when the density
of prey is low (# — 0). In that case, the carrying capacity of predators goes to zero and leads
to the extinction of the population of predators. We refer to Courchamp and Sugihara in [2]
for more details on the derivation of the model and applicability for cat and bird dynamics in
an insular environment.

The main property of the above system is its ability to exhibit a finite time and simultaneous
extinction of both species. The dynamical property of the kinetic system, namely the underlying
ordinary differential equation, has been well studied. Firstly introduced by Courchamp
and Sugihara [2] and Courchamp et al [3], it has been further investigated by Gaucel and
Langlais [7]. Extensions to the reaction—diffusion system (1.3) posed on a bounded domain
and supplemented together with the zero flux boundary condition have been provided in [7] in
the equi-diffusional case, namely d = 1. One can also note that when the quenching occurs
for (1.3) then the ratio v/u blows up in finite time. This remark allows us to introduce (1.1)
as a formal simplification of (1.3) close to quenching. Indeed, close to quenching, u becomes
negligible with respect to v leading to (1.1).

The aim of this paper is to consider (1.1) and to give some information on the quenching
behaviour. Since the parameter » > 0 plays a crucial role on the quenching behaviour of (1.3)
but also (1.1), throughout this work, we always assume that the parameter r satisfies0 < r < 1.
Let us, however, mention that parameter r, in (1.3) also plays an important role. The logistic
dynamics for prey acts in favour of an increase in the prey density and therefore acts against the
quenching phenomenon. This balance may induce temporal and spatio-temporal oscillations
that become difficult to control and to analyse. This is the reason why we will restrict our
analysis to the simplified system (1.1).

In order to fulfil this analysis, we allow the initial data to be unbounded when x — ooc.
More precisely we will assume that

Assumption 1.1. Function (ug, vg) € C*([0, 00))? is assumed to satisfy

(i) uy(0) = vy(0) = 0.
(ii) There exists ¢ > 0 and k > 0 such that

e <uop(x) < k(1 +x?), Vx € [0, 00).

(iii) For each x > 0, vo(x) > 0 and there exists M > 0 such that for all x > 0:
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Here we allow the initial data to be unbounded. This property will be used in the following to
derive the existence of type II quenching (see corollaries 1.9 and 1.10). See also remark 1.11.

Recall that from the usual existence result for reaction—diffusion systems, under
assumption 1.1, system (1.1)—(1.2) has a unique classical maximal solution (u,v) =
(u, v)(t, x) on a maximal time interval [0, T') with T > 0 such that

(u,v) € C** ([0, T) x [0, 00))?, u>0, v>0,
and if T < oo then

lntl;lrnf;gfou(t, x) =0. (1.4)

The property (1.4) with T < oo is referred to as finite time quenching and one can introduce
the so-called quenching set Q = Q(uo, vg) defined by

Q = {x = 0] I, xx)}nz0 C [0, T) x [0, 00) such that

lim (¢,, x,) = (T, x) and lim u (t,, x,) = 0}.

Definition 1.2. Suppose that finite time quenching occurs at time T. Then it is called type 1
quenching if

liminf (T — )" inf u(t, x) > 0.
(T x>0
Otherwise, it is referred to as type Il quenching.
Then the main results of this work are the following:

Theorem 1.3. Let assumption 1.1 be satisfied. Assume moreover that there exists A > 0
such that

Aug(x) = vo(x), Vx > 0.

Then system (1.1)—(1.2) exhibits finite time quenching. It is of type I and the quenching set Q
satisfies Q = [0, 00).

For more general initial data, let us introduce the following assumption:

Assumption 1.4. We assume that (uo, vo) € C*([0, 00))? such thatinf,>o uo(x) > 0, vg % 0,
vo(x) = 0 for all x > 0 and together with the compatibility condition at x = 0, that is
uy(0) = v (0) = 0. Finally we assume that

upg(x) = O(xz) when x — oo and Py := vp/u is bounded.
Then the following result holds true:

Theorem 1.5. Let assumption 1.4 be satisfied. We assume furthermore that
uy(x)* < 2uo(x)vp(x) and Pi(x) <0 Vx € [0, 00). (1.5)
Then system (1.1)—(1.2) exhibits finite time quenching.

Next, in order to derive the behaviour of type I quenching, let us introduce the following
set of assumption:
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Assumption 1.6. Let (ug, vo) be two given functions satisfying assumption 1.1. Furthermore,
assume that

(i) Forall x > 0, uy(x) > 0, vj(x) = 0 and Pj(x) <O0.
(ii) There exist two constants ky > 0 and k, > 0 such that for all x > 0:

" 2 r
vo(x) < ki (o))", (up(x))” < kauo(x)'™. (1.6)
Then we have the following information on the quenching behaviour.

Theorem 1.7. Let assumption 1.6 be satisfied. Assume furthermore that the solution has a
finite time quenching at time T. If the quenching is of type I, then the following behaviour
holds true:

liTn;[P(t,x)(T -]=1/0—-r),
lim[u, (¢, x)(T — 1)~V/I=+1/2]1 = 0,
T

lim[v, (¢, x)(T — t)~"/=*21 = 0,
T

uniformly on {(t,x) | 0 < x < LT —t} for any L > 0, wherein we have set
P(t,x) :=v(t,x)/u(t, x).

As a consequence of theorem 1.7, we are able to provide a class of initial data leading to
type II quenching. To do so let us consider the following assumption.

Assumption 1.8. Ler (ug, vy) be two given functions satisfying assumption 1.6. We assume
furthermore that

xzvo(x) < up(x), Vx > 0.

—r
Then the following results hold true.

Corollary 1.9. Let assumption 1.8 be satisfied. If the solution of system (1.1)—(1.2) exhibits
finite time quenching at time T, then the quenching occurs at the single point x = 0, namely
Q = {0}, and it is type Il quenching.

Corollary 1.10. Let us consider the following initial data
uo(x) = a + Bx?, vo(x) =k,

for some constants ¢ > 0, B > Oandk > 0. Ifkx € [28,28/(1 — r)], then the corresponding
solution (u, v) of system (1.1)—(1.2) exhibits finite time quenching at time T, the quenching set
satisfies Q = {0} and the quenching is of type II.

Remark 1.11. For technical reasons, the aforementioned results require the initial data (at
least for u) to be unbounded. From an applicative point of view, this assumption can be
understood by looking at the ratio Py := Z—g Indeed, the inequality in assumption 1.8 can be

re-written as Py(x) < &x% This means that, close to infinity, the prey is abundant while
the density of predator is very low. For another technical reason, we require uy and vy to be
increasing to enforce uq to be unbounded. We expect to extend the above results to the case
when u is bounded and vy is compactly supported. This situation corresponds to the localized
introduction of predators into the environment.
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Before going further, let us comment on some other recent works concerning systems (1.1)
and (1.3). From a biological point of view, the quenching (especially one point quenching)
does not mean the global extinction of the species. It is therefore relevant to deal with the
continuation of the solution beyond quenching. In this direction, let us mention the recent work
of Ducrot and Langlais [5] who deal with the existence of a solution for the following system
of equations posed on some bounded domain together with Neumann boundary conditions:

u; — Au=ru(l —u) —vlyq
v
Uy — Av=rv (1 — _1[u>0}) .
u

The existence of globally defined classical solution (with the right-hand side in some suitable
L? space with p > 1) for the above problem is proved for a large class of initial data (possibly
singular), but uniqueness or non-uniqueness of solutions is still an open problem. We refer
to [5] for more details. Some numerical simulations of this problem (see [1]) suggest that
the formation as well as the dynamics of the dead-core can exhibit a very complex dynamics
including pattern formations and regularization effect after quenching. This complex dynamics
seems to be essentially due to parameter r, that increases the prey population. In the absence
of vital dynamics for the prey population, namely r, = 0, a first study of the travelling
solutions for the above problem, recently provided by Ducrot and Langlais [4], allows us to
expect a very simple dynamics for the dead-core in that case. More precisely, we expect that
under some suitable assumptions, the dead-core arising during the predator invasion process
would asymptotically expand with a constant speed and without any regularization effect after
quenching.

Coming back to (1.1), note that most of the above mentioned results will be obtained using
some nice properties of the function P := v/u that satisfies the following equations:

ux(t,x) 2
Pt(t5x) = Pxx(tvx) +2—Px(t’x) + (1 _r)P(t5'x) B
u(t, x)
P.(¢,0) =0, (1.7)
PO, x) = Py(x) i= 22X Vx > 0.
up(x)

The study of singularity formation (e.g. blow-up, quenching, dead-core, etc) in parabolic
problems has attracted a lot of attention during the past years. Before 1994, it was only found
that the singularity is always of self-similar type (or, type I singularity). Here the self-similarity
means solutions are invariant under certain scaling of independent and dependent variables.
The works by Herrero and Velazquez [13, 14] provide the first example of non-self-similar
type singularity for a blow-up problem. We call such a singularity type II. This result was later
extended by Mizoguchi [17-20]. Moreover, in [21], Mizoguchi and Senba studied a system
of parabolic-elliptic equations which exhibits a type II singularity.

For the dead-core problem, it was shown in [12] that the dead-core rate is of type II. Unlike
in the blow-up problem where we need to impose higher spatial dimensions, here the spatial
domain is only required to be 1D. Later a fast diffusion equation was also studied to exhibit the
type II singularity (see [9]). Another example of type II singularity is found for the gradient
blow-up. We refer the reader to the works [8, 15, 16] and the references cited therein. To the
authors’ knowledge, this work provides the first example of type II quenching.

It is interesting to remark that the singularity temporal asymptotic rates are not unique for
the type II singularity. Its rate depends on the initial datum. In contrast, there is a unique rate
for the self-similar type I singularity. It is a very interesting question to determine the exact
rates for any given initial data when type II singularity occurs. For this topic, we refer the
reader to [10, 14, 20]. But, the exact quenching rates for our problem are left for open.
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This work is organized as follows: section 2 is devoted to providing sufficient conditions
on the initial data to have finite time quenching and also deriving some preliminary estimates
of the solutions. In section 3, we first investigate the quenching behaviour of the solution under
the type I quenching assumption. This corresponds to the proof of theorem 1.7. Then two
results on type II quenching are proved, namely, corollaries 1.9 and 1.10. Finally, section 4
gives some conditions for finite time quenching to occur with a compact quenching set.

2. Finite time quenching and preliminary estimates

In this section, we will give sufficient conditions on the initial data u( and v, so that system
(1.1)—(1.2) exhibits finite time quenching. More specifically, we aim to prove theorems 1.3
and 1.5.

First, we prove theorem 1.3.

Proof of theorem 1.3. The proof of this result relies on (1.7). Indeed, if Py = X, then
P(t, x) = P(t) and therefore the blow-up time 7" and P can be explicitly written as

1 AT
=—, P) = —.
Al —r) T—1t
Thus the u-equation becomes
AT
Up = Uy = =, uy(@,0) =0, u(0,x)=uox).

Due to assumption 1.1, there exists n > 0 such that
N <uplx), Vx>0,
and using the comparison principle, one obtains that
(T — )™ <ult,x), Vx>0, tel0,T).

The above inequality implies type I quenching.
It remains to prove that the quenching set Q@ = [0, co). To prove this, let us note that
u(t, x)P(t) = v(t, x) and, by (ii) of assumption 1.1, we have

vo(x) = Aug(x) < Ak(1 +x2), Vx > 0.

It follows that there exists K > 0 such that

(x—v)2

K
v(t,x) < —/ e @ (1 +y2) dy, Vi€ (0,T), x >20. 2.1
x/; R

Therefore, we have foreach t € (0, T) and x > 0:

@—y)?

K —Go»” 2
u(t,x)é(T—t)ﬁv/Re a (1+y9)dy

for some constant K > 0. This implies that Q = [0, co) and thereby completes the proof of
theorem 1.3. |

Next, we rewrite system (1.1)—(1.2) in terms of the variables Q := u,/u and P. Then
system (1.1)—(1.2) becomes

Qt - Qxx =—P, +2QQX7 (22)
P —P..=20P, +(1 —V)Pz, 2.3)
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posed for x > 0 and ¢ € (0, T) together with
Q(I,O)ZO, Px(tvo)zoa

g (x)
0(0,x) = Qo(x) := ,
up(x)
Then the following lemma holds true.
Lemma 2.1. The set X := {(Q, P) € R x [0, ) : G(Q, P) := Q> — 2P < 0} is positively
invariant under (2.2)—(2.3).

PO, x) = Py(x).

Proof. The proof of this lemma directly follows from the results on invariant region in the

book of Smoller [23] (see theorems 14.7 and 14.11).

Q
P

_(20 -1 (0
M(Z>—<0 ZQ), f<Z>—((1_r)P2),

so that system (2.2)—(2.3) is re-written in a vectorial form as
Zi—Zyw=MZ)Z, + f(Z).

Then for each Zy = (Qy, Py)T such that G(Qq, Py) = 0, one has
dG(Zo) = 2(Qo, — D),

To do so, let us introduce for each Z = ( ) € R? the following functions

and we have
dG(Zo)M(Zy) =2Q0dG(Zy) and dG(Zo) f(Zo) < 0.
Hence the result follows. O
The following lemma is concerned with the monotonicity of solutions.
Lemma 2.2. If Pj(x) < 0 for all x € [0, 00) then
P.(t,x) <0, vVte (0, T), x=0.
If furthermore uy(x) > 0 (respectively vj(x) 2= 0) then
uy(t,x) =20 (respectively v, (¢, x) > 0), Ve (0,T), x > 0.

Remark 2.3. This lemma will be crucial in the following. Let us note that such a result seems
not to be true when dealing with system (1.3) with r, > 0.

Proof. From (1.7), the map w = P, satisfies
W, — Wy =20w, +20,w+2(1 —r)Pw,
w(t,0) =0,
w(0, x) = Pi(x).
Then the comparison principle can be applied to obtain the first result.
If we furthermore assume that u;, > 0, then due to the u-equation in (1.1), we obtain that
7 = u, satisfies
Zt_Zxxz_qu_PZ>_PZ7
z(1,0) =0,
2(0, x) = uy(x),
and the assertion u, > 0 follows using the comparison principle. The case for v is similar and
the lemma is proved. ]
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We are now ready to prove theorem 1.5.

Proof of theorem 1.5. As a consequence of (1.5), lemma 2.1 and lemma 2.2, we have P, < 0
and Q < V2P'/2. Hence

P,— P, =20P, +(1 —r)P2=>2°2P2p + (1 —r)P2.
This implies that for some constant a > 0
P, — Py —a(PY*)y — (1 —r)P? > 0.

We are now able to apply the comparison principle together with theorem 37.4 in [22] to derive
that P exhibits a finite time blow-up at some time 7. Moreover since P, < 0, one obtains that

liminf P(¢, 0) = oo.
(ST

Recall that u = v/ P. Then it follows from (2.1) that
liminf u(z, 0) = 0.
(/T

The theorem is proved. |

As adirect consequence of theorem 1.5, one concludes the finite time quenching for system
(1.1)—(1.2) in the two following situations:

up=a >0 (for some constant «) and vy is decreasing;
and
uog(x) = a + ﬂxz, v(x) =« >0,

wherein « > 0, 8 > 0 and k¥ > 0 are constants such that 28 < «.
We continue this section by deriving some basic estimates when quenching occurs. More
precisely, we prove the following upper bound for the quenching rate.

Lemma 2.4 (Upper bound for the quenching rate). Let ug, vy be a couple of initial data
satisfying assumption 1.4 such that u6 >0, Pé < 0Oand

2 e L0, 00). 2.4)
u

0
Assume that the corresponding solution (u, v) of system (1.1)—(1.2) exhibits the finite time
quenching at time T > 0. Then there exists some constant K > 0 such that

inf u(t,x) < K(T ~ e, 2.5)
inf v(t, x) < K(T — T, (2.6)
sup P(t,x) > KT — )" 2.7)
x>0

fort €]0,T).
The proof of this lemma relies on the following estimate.

Lemma 2.5. Let uy, vy be a couple of initial data satisfying assumption 1.4 such that uy > 0.
Pj < 0 and (2.4) holds. Let (u, v) be the corresponding solution of system (1.1)—(1.2) on
(0, T). Then there exists some constant M > 0 such that

v(t, x) < Mu' (¢, x), Vx>0,te[0,T7).
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Proof. Set J(t,x) = v(t,x) — Mu(t, x)" wherein M > 0 denotes some constant such that
vo(x) < Mug(x) for all x > 0. Then J satisfies

v
Ji =T —r—@ — Mu") + Mr(r — Du""u?.
u
Since r < 1, we have
L <Ju—r2J  in(0,T)x(0,00), J, =0 atx =0,
u

and from the definition of M we have J (0, x) < 0. Thus one gets that J < 0 and the result
follows. U

Proof of lemma 2.4. First, from lemma 2.2, one obtain that for each t € (0, T)

sup P(t,x) = P(t,0), inf u(t, x) = u(t, 0).
x>0 x20

As a consequence, we obtain that P,, (¢, 0) < 0 and u,,(z,0) > 0 so that
u(t,0) = —v(,0),
Pi(t,0) < (1 —r)P*(t,0).
From the second inequality, one obtains that for some constant
1
1 =r)(T —1)
Thus (2.7) is derived.
Next, from lemma 2.5, there exists some constant M > 0 such that v < Mu". Thus

ut(ta 0) 2 —U(t, 0) 2 _Mu(ts 0)7‘
Integrating this inequality from 7 to T leads us to
u(t,0) < K(T — )™

for some positive constant K. This gives (2.5). Finally, since v < Mu", the result (2.6) follows
and the lemma is proved. O

< P(t,0).

3. Quenching behaviour

In this section, we shall study the quenching behaviour of the solution (u, v) of problem (1.1)—
(1.2) and give a proof of theorem 1.7. Let T be the quenching time of (u, v). Then T is also
the blow-up time of P. For notational convenience, we let Q7 := (0, T) x (0, 00). Also,
throughout this section, let assumption 1.6 be satisfied.

Recall that u is of type I quenching, if

lim inf (T — t)_ﬁu(t, 0) > 0.
t T

Before studying the behaviour of the solution, let us first prove the following estimate.

Lemma 3.1. Let assumption 1.6 be satisfied. Then there exists some constant K > 0 such that

u,(t,x) < Ku(t,x)l%, (t,x) € [0,T) x [0, 00), 3.1

u(t, x) < (u(z,oyz’ . ;er>“, (3.2)
1-r 1—1" %

v(t,x) < ki (u(t,O) 2+ 5 Kx) , (3.3)

where ky > 0 is the constant defined in assumption 1.6.
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Proof. Following [6], we consider the map J = %uf — Ku'*" wherein K > % is some

constant that will be specified later on. Then we have

Ji=upu, — KA +r)uu,,

Je = upuy — K(1+1r)u"uy,

Jox = Uyl + u)zcx —K(1+ r)ru’flui — KA +r)u"u,,.
Thus we obtain that

2

Jo =T = (U — )ity — KA+, — ) —u? + Kr(1+r)u" " u?

Jy 2
= v, + K +r)u'v— (- +K(1+ r)uf) +Kr(1+ru™" (27 +2Ku'"")

Uy
2K(1+r)u”

Ux

<K +r)éu® — et 2Kr(L+r)u’ ' T42K 2 r (14+r)u® — K> (1+r) u™

2K(1+r)u” _ b
=——J +2Kr(l+r)u" " J+ Ku”[(1+r)S§+K(1+r)(r —1].
Uy

Recalling that r € (0, 1), let K be sufficiently large so that
1+ré+K(A+r)ir—1) <0,
and since K > % recalling assumption 1.6, one has %u(z)x <K utl)” on [0, 00). Then together

with such a choice of K, the function J satisfies

2K(1+r)u” 1
Jo—J+——————J —2Kr(1+r)u’" "' J 0.

Uy
Since J(¢,0) < 0, the comparison principle implies that J < 0. Hence (3.1)
follows. Integrating (3.1) and using lemma 2.5, we obtain (3.2) and (3.3). The lemma is
proved. |

To study the quenching behaviour, we introduce the following self-similar change of
variables

s =—log(T —1), y=x(T —1)~'2,
and the change of unknown functions
ut,x) =(T =0)"'U(s,y), v, x)=(T —=1)°V(s,y), P@,x)=W(s, /(T —1),

wherein we have set o = r/(1 — r). This transformation leads us to the following system of
equations

Uy = U,y — %uy —V+(o+ DU, (3.4)
V2

V=V, =2V, —r—+aV, 3.5)
) 2 y U
U

Wy = W,y — %Wy £2 W, (L= DW= W (3.6)

defined on the domain
D ={(s,y); so:=—logT <s <00, y>0}=(s9,00) x (0, 00)
together with the boundary conditions
Uy, Vy, Wy)(s,0) = (0,0,0), (3.7

forall s > s9.



Singular predator—prey system 2069

Recall from lemmas 2.4 and 3.1 that

2r

1

u(t,x) <K ((T — 1 +x>l2j . utx) <K ((T — 13 +x> -, (t,x) € Or,
for some constant K > 0 large enough. Then we have
UGs,y) < K(1+y)Tr, V(s,y) < K(1+y)™ inD. (3.8)
Then we have the following result on the asymptotic behaviour.
Proposition 3.2. Assume that u is of type I quenching. Then
SILIQO Ws, y) = % Sliﬁrgo Uy(s,y) = sli‘& Vy(s,y) =0,

locally uniform with respect to y € [0, 00).

Proof. Under the type I quenching assumption for u, one obtains that there exists m > 0
such that

m < U(s,0) <U(s,y), V(s,y) € D. 3.9)
Then due to (3.8), W = V /U, lemma 2.2 and (2.7), there exist 0 < k; < k, < oo such that
K _
W(s,y) < W(s,0) < — =k, Y(s,y) € D, and ki < W(s,0), Vs > sq.
m
(3.10)

Recall that » € (0, 1). Take @ € (1/(1 —r), 00), B < 0 and consider the map

VIU, V1(s) = / POV (s VU (s, )P dy,  p(y) = exp(—y?/4).
0

Note that such a functional is well defined due to (3.8) and (3.9). Then for a solution (U, V)
of (3.4) and (3.5) we compute

dVIU, VI](s)

5 —/wp(w{a(a— DVe2UPVE+ BB — HVEUP2UT
. ; . :

o

© veuh
+2aﬁV°"1U’3’lUyVy}dy+(Olr+,3)/ p(y) (1
0 —r

_ Vot+1 U’Bl) dy

By choosing 8 = —ro, we obtain that
dVIU. VIGs)

o0
—f oM e — 1V 2UPV?
dS 0 )

+B(B— HVOUP?US + 2BV U ULV, } dy.

Moreover, since « + § = a(1 — r) > 1, we conclude that

dviu, v .. dy[U,V
w <0 w1th& =0 when Uy (s, -) = V,(s,-) = 0.
ds ds
Next, we take any sequence s, — 0o and consider the sequence of maps
Un(svy) = U(S+Sn7y)v Vn(svy) = V(s+sn7y)'

Note that the equation (3.5) can be re-written by

Vo=V =3V, —rWV+aV.
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Due to parabolic estimates, using (3.8) and (3.10), up to a subsequence, one may assume that
U, and V,, converges in the topology of C,lo‘f (R x [0, 00)) towards some positive functions,
denoted by (U, V) € C'2(R x [0, 00)), a complete orbit of the problem

UszUyy—%Uy—V+(o+1)U, (5.y) € R x (0, 0),
y v?
Vsszy—EVy—r7+aV, (s,y) € R x (0, 00),

with Uy (5,0) = Vy (s,0) = 0 for all s € R and such that

dv[U, V1(s)

0, Vs € R.
ds s

This implies that
Uy(s,) = Vy(s,) = 0.
Thus (l7 , \7) = (U , V)(s) is a bounded complete orbit of

U =-V+U/(1—-r), seR,

V2 74 3.11
! , s € R. ( )

By differentiating the ratio W=V / U with respect to s and using (3.11), we can deduce
that W satisfies

We=(0—-r)W>—w, seR.

It follows from the uniqueness theory of ODE that W is strictly monotone, if W is not a constant
function. Then it is easy to check that the existence of a complete orbit is possible only if

0<k <W(s) < , Vs € R. (3.12)

Now, if there exists 5o € R such that W(so) e (0, 1%) then it is easy to see that

lim W(s) = 0. (3.13)
§—>00
Indeed, by comparison argument, one obtains that W(s) < W(s) for all s > sy wherein W is
defined by
1

1—r+es—

W(s) = [EETE

w(so)

Hence (3.13) holds which violates (3.12). Thus we have that W(s) = 1/(1 —r), which is
independent of the choice of {s,}. This completes the proof of the proposition. U

Returning to the original variables, we obtain theorem 1.7.
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As a direct corollary of theorem 1.7, one will prove corollaries 1.9 and 1.10. To do so let
us first prove the following result:

Lemma 3.3. Let assumption 1.6 be satisfied. If we furthermore assume that

2 1

P < __’
o) 1 —rx2

Vx>0,

then
1

P(z, < —,
%) < 1—rx2

Vie(©,T), VYx>O0.

Proof. Consider the map H (¢, x) = u(t, x) — kx?v(t, x) with k = % Then one has

H, = u, — kx*v,,

H, = u, — 2kxv — kx’v,,

Hy =ty — 2kv — dkxv, — kx2v,,,
so that we obtain

H, — Hyy = (U — thyy) — kx2(v; — vyy) + 2kv + dkxv,
2

= —v+rkx® 4 2kv + dkxv,
u

- _rgH +(r — 142k)v +dkxv,.
Since v, > 0 and r — 1 + 2k = 0, one obtains that
H — H, +r$H >0.
Since H (¢, 0) > 0 and, by assumption,
H (0, x) = ug(x) — kx>vo(x) > 0,
the result follows from the comparison principle. ]

We are now able to complete the proof of corollaries 1.9 and 1.10. Using lemma 3.3,
one obtains that Q@ = {0}, if finite time quenching occurs. Furthermore, using the self-similar
transformation, one obtains from lemma 3.3 that

C
W(s5y)<_2’ VS>SO9 y>0,
y
for some constant C > 0. The above inequality prevents W (s, y) from locally uniformly
tending to ﬁ as s — oo. This completes the proof of corollary 1.9.
Finally, corollary 1.10 directly follows from combining theorem 1.5 together with
corollary 1.9.

4. Quenching set

In this section, we shall study the quenching set under the following assumptions:

(i) The limits N := lim,_, o, uo(x) and N, := lim,_, o, vo(x) exist such that 0 < N; < oo
and 0 < N, < 0.
(ii) There hold u(x) > 0 and Pj(x) < Oforallx > 0.
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We will prove the following result:

Proposition 4.1. Under the above assumptions, system (1.1)—(1.2) has a finite time quenching
at time T such that
1 N
1—r Vz
Furthermore, the quenching set Q is compact if and only if T < Ty(Ny, N»).

0<T < T()(Nl,Nz) =

Proof. Using the above monotonic assumptions (ii) and lemma 2.2, one obtains that for each
t € [0,T), where T is the maximal time of existence of the solution, (u, v), the solution
satisfies

supu(t,x) = lim u(z, x), te 0, 7). “.1)

x>0 X—00

Consider now the associated kinetic system
V2

u=-v, V= _FU' 4.2)
Note that (V/U"), = 0. Then it is easy to see that the solution of (4.2) with the initial condition
(U, V)(0) = (N, N») is given by

Nyt M0 N>U' (1)
U@)=|N"-@1- , Vio=—"—2, 1e[0, Ty,
) [1 ( r)Nf] (1) T [0, To)
where
To := To(Ny, No) = M
0.— 10 1 2_1—I’N2‘

In particular, U(¢) and V (¢) quench at the finite time 7.
To proceed further, we apply [11, theorem 4.1] to system (1.1)—(1.2) with a, = 4n and
r, = n to obtain that

Iim u(t,x) =U(), lim v(,x)=V(t)
X—00 X—>00

for all ¢ € [0, min{T, Tp}). It is clear that T < Ty. Moreover, due to (4.1), when T = Ty, we
have the total quenching, i.e., @ = [0, 00).

On the other hand, the quenching set Q is compact, if T < Tp. Indeed, recalling that
Vo is bounded, one obtains that v € L*°((0, T) x (0, 00)). Note that U(¢) is decreasing in
t € (0, T). As a consequence of parabolic estimates one obtains that

lim u(t,x) =U(t) uniformly with respect tot € [T /2, T).

X—>00
Since T < Ty, U(T) > 0 and so there exists M > 0 large enough such that

u(t,x) = U(T)/2, VtelT/2,T), x> M.
Thus the result follows. O
Acknowledgments

This work was supported in part by the Orchid program between France and Taiwan with grants
NSC 99-2911-1-032-004 and NSC 100-2911-1-032-001. The second author is also supported
in part by the National Science Council of the Republic of China under the grant NSC 99-
2115-M-032-006-MY3. The authors would like to thank Michel Langlais and Jean-Baptiste
Burie for some valuable discussions. Thanks are also due to the anonymous referees for some
valuable comments.



Singular predator—prey system 2073

References

(1
[2]
[3]
[4]
[3]
(6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]
[18]

[19]
[20]
[21]
[22]

[23]

Burie J-B, Ducrot A and Langlais M 2012 Numerical approximation of weak solutions of a singular predator—prey
system, in preparation

Courchamp F and Sugihara G 1999 Modelling the biological control of an alien predator to protect island species
from extinction Ecol. Appl. 9 112-123

Courchamp F, Langlais M and Sugihara G 1999 Controls of rabbits to protect birds from cat predation Biol.
Conservations 89 219-25

Ducrot A and Langlais M 2012 A singular reaction—diffusion system modelling predator—prey interactions:
invasion and co-extinction waves J. Diff. Eqns 253 502-32

Ducrot A and Langlais M 2012 Global weak solution for a singular reaction—diffusion system modelling prey—
predator interactions Preprint

Friedman A and McLeod B 1985 Blow-up of positive solutions of semilinear heat equations Indiana Univ. Math.
J. 3442547

Gaucel S and Langlais M 2007 Some remarks on a singular reaction—diffusion system arising in predator—preys
modelling Discrete Contin. Dyn. Syst. Ser. B 8 61-72

Guo J-S and Hu B 2008 Blowup rate estimates for the heat equation with a nonlinear gradient source term
Discrete Contin. Dyn. Syst. 20 927-37

Guo J-S, Ling C-T and Souplet Ph 2010 Non-self-similar dead-core rate for the fast diffusion equation with
strong absorption Nonlinearity 23 657-73

Guo J-S, Matano H and Wu C-C 2010 An application of braid group theory to the finite time dead-core rate
J. Evol. Egns 10 835-55

Guo J-S, Ninomiya H, Shimojo M and Yanagida E Convergence and blow-up of solutions for a complex-valued
heat equation with a quadratic nonlinearity Trans. Am. Math. Soc. at press

Guo J-S and Souplet Ph 2005 Fast rate of formation of dead-core for the heat equation with strong absorption
and applications to fast blow-up Math. Ann. 331 651-67

Herrero M A and Veldzquez J J L 1994 Explosion de solutions des équations paraboliques semilinéaires
supercritiques C.R. Acad. Sci. Paris t319 141-5

Herrero M A and Veldzquez J J L 1994 A blow up result for semilinear heat equations in the supercritical case
unpublished

Hu B and Zhang Z 2010 Gradient blowup rate for a semilinear parabolic equation Discrete Contin. Dyn. Syst.
26 767-79

Li Y-X and Souplet Ph 2010 Single-point gradient blow-up on the boundary for diffusive Hamilton—Jacobi
equations in planar domains Commun. Math. Phys. 293 499-517

Mizoguchi N 2004 Type-II blowup for a semilinear heat equation Adv. Diff. Eqns 9 1279-316

Mizoguchi N 2005 Boundedness of global solutions for a supercritical semilinear heat equation and its application
Indiana Univ. Math. J. 54 1047-59

Mizoguchi N 2007 Rate of type II blowup for a semilinear heat equation Math. Ann. 339 839-77

Mizoguchi N 2011 Blow-up rate of type II and the braid group theory Trans. Am. Math. Soc. 363 1419-43

Mizoguchi N and Senba T 2007 Type-II blowup of solutions to an elliptic-parabolic system Adv. Math. Sci.
Appl. 17 50545

Quittner P and Souplet Ph 2007 Superlinear Parabolic Problems. Blow-up, Global Existence and Steady States
(Series: Birkhduser Advanced Texts Basler Lehrbiicher, XI) (Basle: Birkhauser) pp 584

Smoller J 1994 Shock Waves and Reaction Diffusion Equations (Berlin: Springer)


http://dx.doi.org/10.1890/1051-0761(1999)009[0112:MTBCOA]2.0.CO;2
http://dx.doi.org/10.1016/S0006-3207(98)00131-1
http://dx.doi.org/10.1016/j.jde.2012.04.005
http://dx.doi.org/10.1512/iumj.1985.34.34025
http://dx.doi.org/10.3934/dcdsb.2007.8.61
http://dx.doi.org/10.3934/dcds.2008.20.927
http://dx.doi.org/10.1088/0951-7715/23/3/013
http://dx.doi.org/10.1007/s00028-010-0072-0
http://dx.doi.org/10.1007/s00208-004-0601-7
http://dx.doi.org/10.1007/s00220-009-0936-8
http://dx.doi.org/10.1512/iumj.2005.54.2694
http://dx.doi.org/10.1007/s00208-007-0133-z
http://dx.doi.org/10.1090/S0002-9947-2010-04784-1

	1. Introduction
	2. Finite time quenching and preliminary estimates
	3. Quenching behaviour
	4. Quenching set
	 Acknowledgments
	 References

